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Abstract
In this paper, we introduce a new family of multivariate distributions as the scale mixture of
the multivariate power exponential distribution introduced by Go´mez et al. (Comm. Statist.
Theory Methods 27(3) (1998) 589) and the inverse generalized gamma distribution. Since the
resulting family includes the multivariate t distribution and the multivariate generalization of
the univariate GT distribution introduced by McDonald and Newey (Econometric Theory 18
(11) (1988) 4039) we call this family as the ‘‘multivariate generalized t-distributions family’’, or
MGT for short. We show that this family of distributions belongs to the elliptically contoured
distributions family, and investigate the properties. We give the stochastic representation of a
random variable distributed as a multivariate generalized t distribution. We give the marginal
distribution, the conditional distribution and the distribution of the quadratic forms. We also
investigate the other properties, such as, asymmetry, kurtosis and the characteristic function.
r 2003 Elsevier Inc. All rights reserved.
AMS 2000 subject classifications: 60E05; 62H10
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1. Introduction
McDonald and Newey [11] introduced the univariate generalized t (GT)
distributions family. This family includes the normal distribution, the power
exponential distribution and the univariate t distribution as the special or limiting
cases. Butler et al. [8] pointed out that the GT distribution can be obtained as a scale
mixture of a power exponential and an inverse generalized gamma distributions.
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Since the univariate family of generalized t distributions was introduced by
McDonald and Newey [11] it has been widely used as a robust alternative to the
normal distribution for modeling the errors in regression. Some other references on
the family of the univariate generalized t distributions are [4,5,9,10].
Arellano-Valle and Bolfarine [1] proposed a generalized multivariate t distribution
family and studied the properties of the distributions included by this family. They
obtained this family as a scale mixture of normal and inverse gamma distribution.
This distribution family includes the multivariate t distribution as a special case.
In this paper, we deﬁne a new family of multivariate generalized distributions as a
scale mixture of a multivariate power exponential distribution introduced by Go´mez
et al. [3] and an inverse generalized gamma distribution with a scale parameter. We
study the properties of the distributions included by this family. We show that this
family of distributions belongs to the family of elliptically contoured distributions,
and the multivariate normal distribution, the multivariate t distribution and the
generalized multivariate t distribution introduced by Arellano-Valle and Bolfarine
[1] are the special or limiting cases of the newly proposed family of multivariate
generalized distributions. We also show that the univariate GT distribution
introduced by McDonald and Newey [11] is also a special case of this family.
Further, we can deﬁne a multivariate generalization of the GT distribution as a
subclass of this family. Since this family includes the multivariate t distribution and
the multivariate generalization of the GT distribution we will call this family as the
family of multivariate generalized t distributions, or MGT for short.
The paper is organized as follows. In next section, we will deﬁne the family of
multivariate generalized t distributions. In Section 3, we will investigate some of the
properties of the multivariate generalized t distributions.
2. Family of multivariate generalized t distributions
Let Z be a p-dimensional random variable distributed as a p-dimensional
multivariate power exponential distribution deﬁned by Go´mez et al. [3]
ðZBPEpð0; Ip; bÞÞ with the density function
fzðz; 0; Ip; bÞ ¼ k exp 12ðzT zÞb
n o
; ð1Þ
where, zARp; k ¼ pGðp=2Þ=pp=2Gð1þ p=2bÞ21þ
p
2b; GðÞ is the gamma function, and
b40 is a parameter and pX1: Further, let V be a scale random variable distributed
as an inverse generalized gamma distribution ðVBIGGðl; b; qÞÞ with the density
function
fvðv; b; q; lÞ ¼ bl
21=b
GðqÞ
l
21=b
v
 !bqþ1
exp 1
2
l
v
 bn o
; ð2Þ
where v40; q40 and b40 are called the shape parameters and l40 is called the
scale parameter [4, vol.2, pp. 401].
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Proposition 1. Let ZBPEpð0; Ip; bÞ and VBIGGðl; b; qÞ be two independent random
variables, and let X be a new random variable defined as
X ¼ mþ q1=2bS1=2V1=2Z; ð3Þ
where mARp; S is a positive-definite symmetric matrix and S1=2 is the positive-definite
square root of S: Then, X is an elliptically contoured random variable with the density
function
f ðx; m;S; l; b; qÞ ¼
bG p
2
 
G q þ p
2b
 
ðqÞq
ðplÞ
p
2GðqÞG p
2b
  jSj1=2 1
q þ sl
 bn oqþ p2b; ð4Þ
where s ¼ ðx  mÞTS1ðx  mÞ:
Proof. Since Z and V are independent, Z ¼ S1=2ðX  mÞV1=2q1=2b; ZT Z ¼
ðX  mÞTS1ðX  mÞV1q1=b; and the Jacobian of the transformation is
jSj1=2Vp=2qp=2b; the joint density function of X and V can be obtained as
f ðx; v; m;S; l; b; qÞ
¼ kjSj
1=2b
l
21=b
 p
2
þ1
GðqÞqp=b
l
21=b
v
 !b8<
:
9=
;
qþ1bþ
p
2b
exp  1
2q
l
v
 b
q þ s
l
 b ( )
:
Then, the density function of the random variable X is
f ðx; m;S; l; b; qÞ
¼ kjSj
1=2b
l
21=b
 p
2þ1GðqÞqp=2b
Z N
0
l
21=b
v
 !b8<
:
9=
;
qþ1bþ
p
2b
exp 1
q
l
21=b
v
 !b
q þ s
l
 b 8<
:
9=
; dv:
Setting 1
t
¼
l
21=b
v
 
fqþðslÞ
bg1=b
ðqÞ1=b gives dv ¼
l
21=b
qþðslÞ
bf g1=b
ðqÞ1=b dt; and substituting these in the
integral yields
f ðx; m;S; l; b; qÞ
¼ kjSj1=2
l
21=b
 p
2
GðqÞqp=2b
ðqÞqþp=2b
q þ sl
 bn oqþ p2b b
Z N
0
1
t
 bðqþ p
2bÞþ1
exp ð1=tÞb
n o
dt:
Since
b
Z N
0
1
t
 bðqþ p
2bÞþ1
exp ð1=tÞb
n o
dt ¼ G q þ p
2b
 
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we get
f ðx; m;S; l; b; qÞ ¼
kjSj1=2G q þ p
2b
 
l
p
2GðqÞqp=b
ðqÞqþp=2b
q þ sl
 bn oqþ p2b
and substituting k ¼ pGðp=2Þ=pp=2Gð1þ p=2bÞ21þ
p
2b in the above identity we obtain
the density function given in (4).
The function f ðx; m;S; l;b; qÞ is actually the density function of an elliptically
contoured random variable with
gðtÞ ¼ fq þ tbgðqþ
p
2bÞ
since the function gðtÞ satisﬁes the condition
Z N
0
tp=21gðtÞ dt ¼ ðqÞqb1
GðqÞG p
2b
 
G q þ p
2b
 oN
(see [2, p. 59]). Thus, X has an elliptically contoured distribution
ðXBECpðm;S; gÞÞ: &
When b ¼ 1; l ¼ 1; S ¼ 2S1 and n ¼ 2q we obtain the standard multivariate t
distribution with the location and scatter parameters m and S1; and the degrees of
freedom n: The case b ¼ 1; l ¼ 1; and q-N gives the normal distribution. The
multivariate power exponential distribution can be obtained as q-N: Setting b ¼ 1;
lq ¼ a; and 2q ¼ n yields the generalized version of the t distributions family deﬁned
by Arellano-Valle and Bolfarine [1] with the parameters m; S; a and n:
When l ¼ 1 and b ¼ t=2; t40; (4) gives a multivariate generalization of the
univariate GT distributions introduced by McDonald and Newey [11]. The density
function of the multivariate generalization of the GT distribution can be obtained as
f ðx; m;S; t; qÞ ¼ CjSj1=2 1
fq þ jdjtgqþ
p
t
;
where d ¼ ﬃﬃsp ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðx  mÞTS1ðx  mÞq and C ¼ tG p2 ðqÞq
2p
p
2B q;
p
t
 : Note that, here p is the
dimension of the random variable, t and q are the shape parameters, and m and S are
the location and the scatter parameters.
Finally, when l ¼ 1; and b tends to inﬁnity, (4) tends to the density function of the
uniform distribution on the ellipse so1:
Now, we can give the deﬁnition of the multivariate generalized t distributions.
Deﬁnition. A random variable X ¼ ðX1; X2;y; XpÞTARp; with pX1; has a p
dimensional multivariate generalized t distribution with m;S; l; b and q parameters,
where mARp; Spp is a positive-deﬁnite symmetric matrix, and l; b; q40; if its density
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function is
f ðx; m;S; l; b; qÞ ¼ Clp=2jSj1=2 1
q þ sl
 bn oqþ p2b; ð5Þ
where
C ¼
bG p
2
 
G q þ p
2b
 
ðqÞq
p
p
2GðqÞG p
2b
  ¼ bG p2
 ðqÞq
p
p
2B q; p
2b
  ð6Þ
is the normalizing constant, s ¼ ðx  mÞTS1ðx  mÞ; and B q; p
2b
 
denotes the beta
function. Here m and S are the location and scatter parameters, l is the scale
parameter, and b and q are the shape parameters.
Note that we will use the notation MGTpðm;S; l; b; qÞ for the family of
multivariate generalized t distributions.
When p ¼ 2 we can give graphics of the density function. In Fig. 1, we present the
graphs for some values of b: We set S ¼ I2; m ¼ ð0; 0ÞT ; l ¼ 1 and q ¼ 2: Figs. 1
(a–d) shows the cases b ¼ 0:25; 1; 2 and 10, respectively. We can observe that for the
small values of b the shape is very sharp. When b increases the sharpness of the
density diminishes.
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Fig. 1. Plots of the density functions of the MGT2ð0; I2; 1;b; 2Þ distributions for some values of b:
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3. Some properties of the MGT distributions
Since the multivariate generalized t distributions family MGTpðm;S; l; b; qÞ
belongs to the family of elliptically contoured distributions ðECpðm;S; gÞÞ; they
can be restated with the stochastic representation (e.g. see [2]).
Proposition 2. (i) Let A be a symmetric nonsingular matrix with AT A ¼ lS: If the
random variable X is distributed as MGTpðm;S; l; b; qÞ; then X has the same
distribution as
mþ RAT U ðpÞ; ð7Þ
where U ðpÞ is a random variable uniformly distributed on the unit sphere in Rp; R is an
absolutely continues random variable, independent from U ðpÞ; and R has the density
function
hRðrÞ ¼ 2b
B q; p
2b
 
ðqÞp=2b
rp1 1þ r
2b
q
 q p
2b
; r40: ð8Þ
(ii) RBGB2ðr; 2b; q1=2b; p=2b; qÞ; here, GB2ðÞ denotes the generalized beta
distribution (e.g. see [4,7,12]). The kth moment of R is
E½Rk ¼ ðqÞk=2b
B q  k
2b;
p
2bþ k2b
 
B q; p
2b
  ð9Þ
for each positive integer kp2bq:
(iii) The distribution of the random variable F ¼ R2b is the Fðp=b; qÞ distribution
with p=b and 2q degrees of freedom.
Proof. Part (i) follows from Corollary 1 on p.65 and Theorem 2.5.5 on p.59 of [2].
Proofs of parts (ii) and (iii) can be easily obtained.
Note that jjX jj ¼ ðX T XÞ1=2; jjX jj2 and X=jjX jj have the same distributions as R;
R2 and U ðpÞ; respectively, and EðU ðpÞÞ ¼ 0; VarðU ðpÞÞ ¼ 1
p
Ip; where Ip is the p  p
identity matrix (e.g. see [2,13, p. 57; p. 37]).
Proposition 3. If the random variable X has a MGTpðm;S; l; b; qÞ distribution, then,
(i) its characteristic function is
jX ðtÞ ¼
2bðqÞp=2b
B q; p
2b
  eit0m Z N
0
Cp r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t0lSt
p 
rp1 1þ r
2b
q
 q p
2b
dr; ð10Þ
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where
Cp r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t0lSt
p 
¼
1
B p1
2
; 1=2
  R p0 e irOt0lSt cos yð Þ sinp2 y dy; for p41;
cos r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t0lSt
p 
for p ¼ 1:
8><
>:
(ii) EðX Þ ¼ m;
(iii) VarðX Þ ¼
ðqÞ1=bG p
2bþ
1
b
 
G q1b
 
pG
p
2b
 
GðqÞ
lS; for qb41;
(iv) g1ðXÞ ¼ 0;
(v) g2ðX Þ ¼
p2B q;
p
2b
 
B q2b;
p
2bþ
2
b
 
ðB q1b;
p
2bþ
1
b
 
Þ2
; for qb42;
where g1ðXÞ and g2ðXÞ are the multidimensional asymmetry and kurtosis coefficient
(see [6, p. 31]).
Proof. (i) Since the characteristic function of U ðpÞ is
CpðtÞ ¼ 1
B p1
2
; 1
2
  Z p
0
exp i
ﬃﬃﬃﬃﬃ
t0t
p
cos y
 
sinp2 y dy
[2, p. 54, Theorem 2.5.1], U ðpÞ and R are independent, and the characteristic function
of RU ðpÞ is
Eðeðit0RU ðpÞÞÞ ¼
Z N
0
CpðrtÞhRðrÞ dr;
(see [2, p. 56]), then the characteristic function of X given in (10) can be easily
obtained.
(ii) EðXÞ ¼ Eðmþ RAT U ðpÞÞ ¼ mþ EðRÞAT EðU ðpÞÞ; and since EðU ðpÞÞ ¼ 0; we
get EðX Þ ¼ m:
(iii) Similarly, VarðXÞ ¼ EðR2ÞAT VarðU ðpÞÞA ¼ EðR2Þ
p
lS; and since EðR2Þ ¼
ðqÞ1=b
B q1b;
p
2bþ
1
b
 
B q;
p
2b
  ; we get VarðXÞ ¼ ðqÞ1=bG p2bþ1b
 
G q1b
 
pG
p
2b
 
GðqÞ
lS:
(iv) Let X ¼ mþ q1=2bS1=2V1=21 Z1 and Y ¼ mþ q1=2bS1=2V 1=22 Z2 be two
independent random variables distributed as MGTpðm;S; l; b; qÞ; where V1; Z1;
V2 and Z2 are all independent to each other. Let a ¼
ðqÞ1=bG p
2bþ
1
b
 
G q1b
 
pG
p
2b
 
GðqÞ
: Then,
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we get EðfðX  mÞT VarðXÞ1ðY  mÞg3Þ ¼ ða=lÞ3q3=bEððV1V2Þ3ÞEððZT1 Z2Þ3Þ;
and since EððZT1 Z2Þ3Þ ¼ 0 (see [3, Proposition 3.2]), we obtain g1ðX Þ ¼
EðfðX  mÞT VarðXÞ1ðY  mÞg3Þ ¼ 0:
(v) EðfðX  mÞT VarðX Þ1ðX  mÞg2Þ ¼ a2EðfðX  mÞT ðlSÞ1ðX  mÞg2Þ ¼
a2EððR2Þ2Þ; from (9) we have EððR2Þ2Þ ¼ ðqÞ2=b
B q2b;
p
2bþ
2
b
 
B q;
p
2b
  ; and hence we get
g2ðX Þ ¼ EðfðX  mÞT VarðXÞ1ðX  mÞg2Þ ¼
p2B q;
p
2b
 
B q2b;
p
2bþ
2
b
 
B q1b;
p
2bþ
1
b
  2 ; for qb42: &
Finally, the marginal and the conditional distributions of a random variable
XBMGTpðm;S; l; b; qÞ are given in the following proposition. Since these results can
easily be obtained using the properties of the elliptically contoured distributions (e.g.
[2]), the proof is omitted.
Proposition 4. Let XBMGTpðm;S; l; b; qÞ and Y ¼ CX þ b:
(i) If C is a p  p nonsingular matrix, and bARp; then the distribution of Y is
MGTpðCmþ b; CSCT ; l; b; qÞ:
(ii) If C is a k  p matrix with kop and rankðCÞ ¼ k; and bARk; then Y has an
ECkðmY ;SY ; g1Þ with mY ¼ Cmþ b; SY ¼ CSCT ; and
g1ðtÞ ¼ t
pk
2
Z 1
0
w
kp
2
1ð1 wÞ
pk
2
1 1þ tb
qwb
n oq p
2b
dw; t40: ð11Þ
(iii) Partition X ; m and S as
X ¼ X1
X2
 
; m ¼ m1
m2
 
; S ¼ S11 S12
S21 S22
 
;
where X1 and m1 are k  1 vectors and S11 is a k  k matrix. Then, X1 has an
ECkðm1;S11; g1Þ: Further, EðX1Þ ¼ m1 and VarðX1Þ ¼
ðqÞ1=bG p
2bþ
1
b
 
G q1b
 
pG
p
2b
 
GðqÞ
lS11:
(iv) The conditional distribution of X2 given X1 ¼ x1 is an ECkðm2:1;S22:1; g2:1Þ
with
m2:1 ¼ m2 þ S21S111 ðx1  m1Þ;
S22:1 ¼ S22  S21S111 S12;
g2:1ðtÞ ¼ fq þ ½t þ ðx1  m1ÞTS111 ðx1  m1Þbg
 qþ p
2b
 
: ð12Þ
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